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Abstract
We prove that wild ramification of a constructible sheaf on a surface
is determined by that of the restrictions to all curves. We deduce
from this result that the Euler-Poincare´ characteristic of a constructible
sheaf on a variety of arbitrary dimension over an algebraically closed
field is determined by wild ramification of the restrictions to all curves.
We similarly deduce from it that so is the alternating sum of the Swan
conductors of the cohomology groups, for a constructible sheaf on a
variety over a local field.
The Euler-Poincare´ characteristic of a constructible e´tale sheaf is determined
by wild ramification of the sheaf [I] and so is the alternating sum of the
Swan conductors of the cohomology groups [V]. Deligne-Illusie formulated
the notion “same wild ramification” for constructible sheaves on a variety
over a field using the Brauer trace and proved that constructible sheaves
have the same Euler-Poincare´ characteristics if they have the same wild
ramification [I, The´ore`me 2.1]. Vidal proved that for constructible sheaves
on a variety over a local field, if they have the same wild ramification, then
the alternating sums of the Swan conductors of the cohomology groups is
the same [V, Corollaire 3.4].
For the notion “same wild ramification”, Saito-Yatagawa gave a for-
mulation which is weaker than that of Deligne-Illusie using, instead of the
Brauer trace, the dimensions of fixed parts [SY, Definition 5.1]. Having the
same wild ramification in their sense also implies having the same Euler-
Poincare´ characteristics [SY, Proposition 0.2] and they proved that con-
structible sheaves on a smooth variety have the same characteristic cycles if
the sheaves have the same wild ramification [SY, Theorem 0.1].
Inspired by Beilinson’s suggestion that the characteristic cycle of a con-
structible sheaf be determined by wild ramification of the restrictions to
all curves, we consider whether wild ramification of a constructible sheaf is
determined by that of the restrictions to all curves:
Conjecture 0.1. Let S be an excellent noetherian scheme whose closed
points have perfect residue fields, X an S-scheme separated of finite type,
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Λ and Λ′ finite fields of characteristics invertible on S, and F and F ′ con-
structible complexes of Λ-modules and Λ′-modules respectively on X. Then
the followings are equivalent.
(i) F and F ′ have the same virtual wild ramification over S.
(ii) F and F ′ have universally the same conductors over S.
The terminology same virtual wild ramification is defined in Definition
2.2 in the text, which is a slight modification of [SY, Definition 5.1]. The
terminology universally the same conductors, which means wild ramification
of the restrictions to all curves are the same, is defined in Definition 2.5 in
the text. The implication (i)⇒(ii) is straightforward (Proposition 3.1).
We prove that Conjecture 0.1 holds if X is an open subscheme of a
proper S-scheme of dimension ≤ 2, that is, the wild ramification of a con-
structible sheaf on a surface is determined by that of the restrictions to all
curves (Theorem 3.2). The hypothesis that dimension ≤ 2 is used to take
a regular compactification, and if we assume resolution of singularities is
always possible, Conjecture 0.1 holds in general (Proposition 3.3).
From the above result we deduce the followings:
Theorem 0.2. Let X be a separated scheme of finite type over an alge-
braically closed field of characteristic p > 0. Let Λ and Λ′ be finite fields
of characteristics different from p and F and F ′ constructible complexes
of Λ-modules and Λ′-modules respectively on X. Then, if F and F ′ have
universally the same conductors, then we have χc(X,F) = χc(X,F
′).
Theorem 0.3. Let S be an excellent trait with perfect residue field of char-
acteristic p > 0 and with generic point η = SpecK and X a separated
scheme of finite type over K. Let Λ and Λ′ be finite fields of character-
istics different from p and F and F ′ constructible complexes of Λ-modules
and Λ′-modules respectively on X. If F and F ′ have universally the same
conductors over S, then we have Sw(X,F) = Sw(X,F ′), where Sw(X,−)
denotes the alternating sum
∑
i(−1)
i SwH ic(XK ,−) of the Swan conductors.
The proof of Theorem 0.2 is reduced to the case where X is a surface.
Similarly that of Theorem 0.3 is reduced to the case where X is a curve
over K. Then, we can apply Theorem 3.2. Therefore, Theorem 0.2 follows
from the fact that having the same virtual wild ramification implies having
the same Euler-Poincare´ characteristics (Proposition 4.1) and Theorem 0.3
follows from the fact that having the same virtual wild ramification implies
having “the same Swan conductors” (Proposition 5.1).
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Notations and terminologies We fix some notations and terminologies;
Throughout this paper, we fix finite fields Λ and Λ′ and assume that the
characteristics of Λ and Λ′ are invertible on all schemes considered in this
paper.
For an excellent noetherian scheme S, an S-curve (resp. an S-surface)
means an open subscheme of a proper S-scheme of dimension 1 (resp. 2).
A smooth sheaf means a locally constant constructible (e´tale) sheaf.
A constructible complex (resp. smooth complex) means a complex F of
sheaves whose cohomology sheaves Hq(F) are zero except for finitely many
q and constructible (resp. smooth) for all q.
For a scheme X and a geometric point x → X we denote the strict
localization at x by X(x).
For a pro-finite group G, we denote by K(Λ[G]) the Grothendieck group
of the category of finite Λ-vector spaces on which G acts continuously with
respect to the discrete topology of Λ.
For a smooth complex F on a connected noetherian scheme X and for
a G-torsor W → X, we say F is trivialized by W → X if every cohomology
sheaf Hq(F|W ) is constant. If F is trivialized by a G-torsor W → X, F
defines a virtual representation M of G. We call this M the virtual repre-
sentation of G corresponding to F . If we choose a geometric point y of X,
the stalk Fy defines an element of K(Λ[pi1(X, y)]), which we denote by [Fy].
1 Preliminaries on the Swan conductor
In this section, we see some elementary properties of the Swan conductor.
We need the following lemma on the Brauer trace. For the definition of
the Brauer trace we refer to [Se, 18.1] and denote it by TrBr. Let p be a
prime number and Λ a finite field of characteristic different from p.
Lemma 1.1 (Lemma 4.1 in [SY]). Let M be a Λ-vector space of finite
dimension and σ an endomorphism of M of order a power of p. Then for a
subfield K of the fraction field of the Witt ring W (Λ) which is finite degree
over Q and contains TrBr(σ,M), we have
1
[K : Q]
TrK/QTr
Br(σ,M) =
1
p− 1
(p · dimMσ − dimMσ
p
).
Let G be a pro-finite group. For a pro-p subgroup H of G, we define the
homomorphism ΓH : K(Λ[G]) → Z by assigning the class of each finitely
generated Λ[G]-module M to dimMH , where MH denotes the fixed part.
Let K be a henselian discrete valuation field with algebraically closed
residue field of characteristic p and L be a finite Galois extension of K with
Galois group G. The Swan character swG : G → Z is defined in [Se, 19.1].
Let M be an element of K(Λ[G]). The Swan conductor Sw(M) of M is
defined in [Se, 19.3].
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Lemma 1.2. We have
Sw(M) =
1
|G|
∑
σ∈P
swG(σ) ·
p · Γσ(M)− Γσ
p
(M)
p− 1
,
where P is the p-Sylow subgroup of G.
Proof. We may assume M is a Λ-vector space with action of G. We have
Sw(M) =
1
|G|
∑
σ∈P
swG(σ) · Tr
Br(σ,M).
[Se, 19.3]. Since Sw(M) is an integer, the assertion follows from Lemma
1.1.
Let K ′ be an intermediate extension of L/K with Galois group H =
Gal(L/K ′) and M ∈ K(Λ[G]) a virtual representation of G. We regard the
restriction M |H as a representation of the absolute Galois group of K
′, and
hence Sw(M |H) denotes the Swan conductor with respect to K
′.
Lemma 1.3. Assume that the extension L/K is cyclic of degree pe for an in-
teger e ≥ 0. For virtual representations M ∈ K(Λ[G]) and M ′ ∈ K(Λ′[G]),
if rk(M) = rk(M ′) and if Sw(M |H) = Sw(M
′|H) for every subgroup H of
G, then we have Γσ(M) = Γσ(M ′) for every σ ∈ G.
Proof. We prove the assertion by induction on e. The e = 0 case is clear.
Suppose e ≥ 1. Consider the subgroup Gp of G of index p. Then we can
apply the induction hypothesis to M |Gp and M
′|Gp , and hence Γ
g(M) =
Γg(M ′) for every g ∈ Gp. Let σ be a generator of the cyclic subgroup G.
By Lemma 1.2,
Sw(M) =
1
|G|
∑
g∈G
swG(g) ·
p · Γg(M)− Γg
p
(M)
p− 1
,
and similarly for Sw(M ′). Here, by the assumption, Sw(M) = Sw(M ′).
Since Γg(M) = Γg(M ′) for every g ∈ Gp, we have

 ∑
g∈G\Gp
swG(g)

 · Γσ(M) =

 ∑
g∈G\Gp
swG(g)

 · Γσ(M).
The extension L/K is of degree a power of p and hence swG(g) > 0 for every
g ∈ G \ {1}. Thus we have Γσ(M) = Γσ(M ′) and the assertion follows.
We denote the absolute Galois group of a field F by GF . In Section 5,
we will use the induction formula for the Swan conductor:
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Lemma 1.4. Let K ′ be a finite extension of K and M ′ a continuous rep-
resentation of GK ′ with respect to the discrete topology of M
′. Then we
have
Sw(IndGKGK′
M ′) = SwM ′ + dimM ′ · (d+ [K ′s : K]− 1),
where IndGKGK′
M ′ denotes the induced representation, K ′s the maximal sepa-
rable extension in K ′/K, and d the length of the discriminant of the exten-
sion K ′s/K.
Proof. If K ′/K is separable then the assertion follows from [R, Proposition
1.(c)]. Hence we may assume K ′/K is purely inseparable. Here, IndGKGK′
M ′
of GK is the representation induced by M
′ and by the isomorphism GK ′ →
GK . Hence, by Lemma 1.5 below, we have swL/K = swL′/K ′ for finite Galois
extension L of K and for the composite L′ of L and K ′. Thus the assertion
follows.
Lemma 1.5. Let K ′ be a finite purely inseparable extension of K of degree
ps. Let L be a finite Galois extension of K with Galois group G and L′ a
composite of L and K ′. Take a uniformizer pi of L. Then pi1/p
s
belongs to
L′ and is a uniformizer of L′ and we have v(σpi − pi) = v′(σpi1/p
s
− pi1/p
s
)
for any element σ 6= 1 of G, where v and v′ are the valuation of L and L′
respectively.
Proof. We may assume K is complete with respect to its valuation. Since
every complete discrete valuation ring is excellent we can apply Lemma 1.6
below and hence pi1/p
s
belongs to L′ and is a uniformizer of L′. The ps-th
power map L′ → L induces an isomorphism between their rings of integers
and hence we have v(xp
s
) = v′(x) for every x ∈ L′. Thus the assertion
follows.
Lemma 1.6. Let K be a discrete valuation field of characteristic p > 0
with perfect residue field and pi a uniformizer of K. Assume that the ring
of integer OK is excellent. Then any finite purely inseparable extension of
K is of the form K(pi1/p
s
) for some integer s ≥ 0.
Proof. We note that Kp is the field of fraction of the excellent discrete
valuation ring OpK and that OK is the integral closure of O
p
K in K, which
is finite over OpK . Since the ramification index of the extension K/K
p is p
and the extension of the residue fields is trivial, we have [K : Kp] = p and
hence [K1/p
s
: K] = ps for every s ≥ 0. Since every finite purely inseparable
extension of K of degree ps is contained in K1/p
s
, the assertion follows.
2 Same wild ramification and Same conductors
Let S be an excellent noetherian scheme. We always assume that closed
points of the base scheme S have perfect residue fields. We define the termi-
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nologies same virtual wild ramification and same conductors for complexes
on a scheme over S. The terminology same virtual wild ramification is a
modification of the terminology same wild ramification in [SY, Definition
5.1].
2.1 Same wild ramification
In this subsection, we do not use the assumption that closed points of S
have perfect residue fields.
We note that by Nagata’s compactification theorem, separated scheme
of finite type over a noetherian scheme have a compactification.
We say an element σ of a pro-finite groupG is pro-p if the closed subgroup
〈σ〉 of G is pro-p. For a pro-p element σ ∈ G, we put Γσ = Γ〈σ〉. For the
definition of Γ〈σ〉, see Section 1.
For the spectrum x = SpecF of a field F , we denote the characteristic
of F by px.
Definition 2.1. Let X be a noetherian normal connected scheme and X a
dense open subscheme of X . For smooth complexes F and F ′ of Λ-modules
and Λ′-modules respectively on X, we say F and F ′ have the same virtual
wild ramification along X \ X if for any geometric point x → X and any
pro-px element σ of pi1(X(x)×XX, y), where y is a geometric point, we have
Γσ([Fy]) = Γ
σ([F ′y ]).
To show F and F ′ have the same virtual wild ramification along X\X, it
suffices to check the above condition for a geometric point over every closed
point, i.e. it suffices to check that for a geometric point x → X over every
closed point and every pro-px element σ of pi1(X(x) ×X X, y), where y is a
geometric point, we have Γσ([Fy]) = Γ
σ([F ′y ]). Note that for a geometric
point x′ of X and a geometric point x which specializes x′, if we choose a
geometric point y′ of X(x′)×XX, the specialization morphism X(x′) → X(x)
induces a homomorphism pi1(X(x′) ×X X, y
′) → pi1(X(x) ×X X, y), where y
is the image of y′.
Definition 2.2 (cf. Definition 5.1 in [SY]). LetX be an S-scheme separated
of finite type and F and F ′ constructible complexes of Λ-modules and Λ′-
modules respectively on X.
(i) Assume thatX is normal and connected and that F and F ′ are smooth.
We say F and F ′ have the same virtual wild ramification over S if there
exist a normal compactification X of X over S such that F and F ′
have the same virtual wild ramification along X \X.
(ii) We say F and F ′ have the same virtual wild ramification over S if
there exists a decomposition X =
∐
iXi such that Xi is locally closed
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connected normal subscheme and that F|Xi and F
′|Xi are smooth com-
plexes and have the same virtual wild ramification in the sense of (i)
for every i.
If a G-torsor is given, we use the terminology same virtual wild ramifi-
cation also for virtual representations of G.
Remark 2.3. (i) Our definition of “same virtual wild ramification” is
weaker than that in [I] and [V]. Consider the case where S is a spectrum
of a field of characteristic p > 0 or that of a discrete valuation ring
with residue field of characteristic p > 0. In [V, De´finition 2.3.1],
for smooth complexes F and F ′ of Λ-modules on a normal connected
scheme X separated of finite type over S, the property that F and
F ′ have the same virtual wild ramification is defined by the following
condition: There exists a normal compactification X of X over S such
that for every geometric point x of X and every pro-p element σ ∈
pi1(X(x) ×X X, y), we have Tr
Br(σ, [Fy ]) = Tr
Br(σ, [F ′y ]). Thus our
“same virtual wild ramification” is weaker than that in [V]. Indeed,
for a finite group G, an element σ ∈ G of order a power of p, and an
element M ∈ K(Λ[G]), we have
Γσ(M) =
1
|〈σ〉|
∑
g∈〈σ〉
TrBr(g,M)
(c.f. [I, 1.4.7]).
(ii) If S is a spectrum of a field and F and F ′ are constructible sheaves,
our “same virtual wild ramification” coincides with “same wild rami-
fication” in [SY, Definition 5.1].
Lemma 2.4. Let S′ → S be a morphism of excellent noetherian schemes.
Consider a commutative diagram
X ′
g
−−−−→ Xy y
S′ −−−−→ S
such that the vertical arrows are separated of finite type. Let F and F ′ be
constructible complexes of sheaves of Λ-modules and Λ′-modules respectively
on X. If F and F ′ have the same virtual wild ramification over S, then g∗F
and g∗F ′ have the same virtual wild ramification over S′.
Proof. We note that the normal locus of an excellent scheme is open. By
devissage, we may assume X and X ′ are normal and connected and F
and F ′ are smooth complexes. Then we take a normal compactification X
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of X over S such that F and F ′ have the same virtual wild ramification
along X \ X. We can take a normal compactification X ′ of X ′ over S′
with a morphism g¯ : X ′ → X extending g. Then, for a geometric point
x′ → X ′, a geometric point y′ of X ′(x′) ×X′ X
′, and a pro-px′ element σ
′
of pi1(X ′(x′) ×X′ X
′, y′), we have Γσ
′
([(g∗F)y′ ]) = Γ
g¯∗(σ′)([Fg¯(y′)]) and the
same equality for F ′, where g¯∗ is the induced homomorphism pi1(X ′(x′) ×X′
X ′, y′) → pi1(X(g¯(x′)) ×X X, g¯(y
′)). Here since g¯∗(σ
′) is a pro-pg¯(x′) element
of pi1(X(g¯(x′)) ×X X, g¯(y
′)), we have Γσ
′
([Fy′ ]) = Γ
σ′([F ′y′ ]).
2.2 Same conductors
For a trait T with generic geometric point η and closed point t such that the
residue field of t is algebraically closed and for a constructible complex F of
Λ-modules on T , the Artin conductor a(F) is defined by a(F) = rk(Fη) −
rk(Ft) + Sw(Fη).
For a regular scheme X of dimension 1 whose closed points have perfect
residue fields, a constructible complex F of Λ-modules onX, and a geometric
point x over a closed point of X, the Artin conductor ax(F) at x is defined
by ax(F) = a(F|X(x)).
For a geometric point x over a closed point of X, we denote the generic
point of X(x) by ηx and a geometric point over ηx by η¯x. For a constructible
complex G on a dense open subscheme U of X the Swan conductor Swx(G)
at x is defined to be the Swan conductor of the virtual representation [Gη¯x ]
of the absolute Galois group Gal(η¯x/ηx).
Let S be an excellent noetherian scheme. By Zariski’s main theorem, for
a regular S-curve C, there exists a dense open immersion j : C → C over
S to a regular scheme C proper over S. We call such an open immersion a
canonical regular compactification of C over S. It is unique up to unique
isomorphism.
We assume that every closed point of S has perfect residue field.
Definition 2.5. Let X be an S-scheme separated of finite type and F and
F ′ constructible complexes of Λ-modules and Λ′-modules respectively on X.
We say F and F ′ have universally the same conductors over S if for every
regular S-curve C, every S-morphism g : C → X, every canonical regular
compactification j : C → C of C over S and every geometric point v → C
over a closed point, we have av(j!g
∗F) = av(j!g
∗F ′).
Lemma 2.6. F and F ′ have universally the same conductors over S if and
only if the following two conditions hold;
(i) for every geometric point x of X, we have rk(Fx) = rk(F
′
x),
(ii) for every regular S-curve C, every S-morphism g : C → X, every
canonical compactification C → C, and every geometric point v → C
over a closed point, we have Swv(g
∗F) = Swv(g
∗F ′).
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Proof. The sufficiency is clear. We prove the necessity. Assume F and F ′
have universally the same conductors over S. Let x be a geometric point of
X. Take a stratification X =
∐
iXi such that F|Xi and F
′|Xi are smooth
for every i and a covering W → Xj trivializing F|Xj and F
′|Xj , where Xj
is the subset over which x lies. Then, for every regular S-curve C which is
not proper and an S-morphism g : C → W and every geometric point v of
C \ C, where j : C → C is a canonical compactification over S, we have
av(j!g
∗(F|W )) = rk(Fx), and similarly for F
′. Thus, by the assumption
we get rk(Fx) = rk(F
′
x). By the definition of the Artin conductor we have
Swv(g
∗F) = av(j!g
∗F)− rk(Fg(v)) and (ii) also follows.
3 The main theorem
Let S be an excellent noetherian scheme and assume that all closed points
of S have perfect residue fields.
3.1 Statement of the main theorem
It is easy to show that having the same virtual wild ramification implies
having universally the same conductors:
Proposition 3.1. Let X be a scheme separated of finite type over S and F
and F ′ constructible complexes of Λ-modules and Λ′-modules respectively on
X. Assume F and F ′ have the same virtual wild ramification over S. Then
they have universally the same conductors over S.
Proof. By Lemma 2.4 and Lemma 2.6, we may assume that X is a reg-
ular connected S-curve and F and F ′ are smooth and it suffices to show
Swx(F) = Swx(F
′) for every geometric point x of X \X, where X → X is
a canonical regular compactification of X over S. We may further assume
S = X . Again by Proposition 2.4, we may assume S is a strictly local trait
and X is the generic point of S. Then the assertion follows from Lemma
1.2.
We now state our main theorem; Conjecture 0.1 holds for sheaves on an
S-surface:
Theorem 3.2. Let X be an S-surface and F and F ′ constructible complexes
of Λ-modules and Λ′-modules respectively on X. Then the followings are
equivalent.
(i) F and F ′ have the same virtual wild ramification over S.
(ii) F and F ′ have universally the same conductors over S.
We show that, under the existence of a regular compactification, Con-
jecture 0.1 holds for smooth complexes on a regular S-scheme:
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Proposition 3.3. Let X be a regular connected scheme separated of finite
type over S and F and F ′ smooth complexes of Λ-modules and Λ′-modules
respectively on X. Take a finite group G and a G-torsor W → X which
trivializes F and F ′. We assume that F and F ′ have universally the same
conductors over S and that for every subgroup H of G which is maximal
among cyclic subgroups of prime-power order, the quotient W/H has a reg-
ular compactification over S. Then F and F ′ have the same virtual wild
ramification over S.
3.2 Curve case
First, we show Proposition 3.3 holds if dimX ≤ 1 and if G is of prime-power
order:
Lemma 3.4. Let X be a regular S-curve and F and F ′ smooth complexes
of Λ-modules and Λ′-modules respectively on X. Assume that F and F ′ are
trivialized by a Z/peZ-torsor over X for a prime number p and an integer
e ≥ 0 and have universally the same conductors over S. Then they have the
same virtual wild ramification over S.
Proof. LetW → X be aG = Z/peZ-torsor trivializing F and F ′ andX → X
a canonical regular compactification of X over S.
Take a geometric point x of X . We show that for every pro-px element
σ ∈ pi1(X(x) ×X X, y), we have Γ
σ([Fy]) = Γ
σ([F ′y]), where y is a geometric
point. If x lies over a point of X, this is trivial. We assume x lies over a
point of X \X.
We note that K = Γ(X(x) ×X X,O) is a strictly henselian discrete valu-
ation field and that W (w) ×W W → X(x) ×X X is an Ix-torsor, where W is
the normalization of X in W , w is a geometric point of W which lies over x,
and Ix is the inertia group, i.e. the stabilizer of w. The elements [Fy] and
[F ′y] of K(Λ[pi1(X(x)×X X, y)]) come from elements M and M
′ of K(Λ[Ix]).
By the assumption that F and F ′ have universally the same conductors,
it follows that for every subgroup H of Ix we have Sw(M |H) = Sw(M
′|H).
In fact, if we put V =W/H, then W (w)×W W → V (v)×V V is an H-torsor,
where V is the normalization of X in V and v is the geometric point under
w. Then the assertion follows from Lemma 1.3.
3.3 Existence of good curve
The following lemma will be used to reduce the proof of Proposition 3.3 to
the curve case. Let p be a prime number.
Lemma 3.5. Let X be a dense open subscheme of a regular connected ex-
cellent noetherian scheme X. Let G be a cyclic group of p-power order and
W → X a G-torsor. Then, for any geometric point x over a closed point
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of X, there exists a regular scheme C of dimension one, a finite morphism
g¯ : C → X, and a geometric point v of C over x such that C = X ×X C
is not empty and the composite pi1(C(v) ×C C, y
′)→ pi1(X(x) ×X X, y)→ Ix
is surjective, where Ix is an inertia subgroup of G at x and where y
′ is a
geometric point C(v) ×C C and y is its image.
To prove this we use the following lemma:
Lemma 3.6 (Lemma 2.4 in [KS]). Let X = SpecA be a spectrum of a
normal excellent noetherian local ring A. Let U be a dense open subscheme
of X and V → U an Fp-torsor ramified along a closed subscheme D ⊂ X of
codimension one. Then, there exists a closed subscheme C ⊂ X of dimension
one such that the Fp-torsor V ×X C˜ → U ×X C˜ is ramified along D ×X C˜,
where C˜ is the normalization of C.
Proof of Lemma 3.5. If Ix = 0, there is nothing to prove. We assume Ix 6=
0. First we reduce the general case to the case where Ix ≃ Fp. Let H
be the subgroup of index p of Ix and W
′ the quotient W/H. Then, the
inertia subgroup IW ′/X,x at x of the Galois group G/H of W
′ → X is
isomorphic to Fp. If the Ix ≃ Fp case is known, we can find a regular
scheme C of dimension one, a finite morphism C → X, and a geometric
point u of C lying above x such that C = C ×X X is not empty and the
composite pi1(C(v)×CC, y
′)→ pi1(X(x)×XX, y)→ IW ′/X,x is surjective and
the surjectivity of pi1(C(v) ×C C, y
′)→ Ix follows.
We assume Ix ≃ Fp. By Zariski-Nagata’s purity theorem, there exists
a point ξ ∈ X of codimension one such that x lies over the closure {ξ}
and W → X is ramified at ξ. Let V be the quotient W/Ix and V the
normalization of X in V . Take a geometric point v of V lying over x and a
point η ∈ V lying over ξ such that v lies over the closure {η}. Then,W → V
is ramified at η and η is of codimension one. By Lemma 3.6, We can find
a regular scheme C of dimension one, a finite morphism C → V , and a
geometric point u of C lying above v such that C = C ×V V is not empty
and the Fp-torsor W ×V C → C is ramified at u. Since an inertia group
IW/V,v at v is isomorphic to Fp, we have the equality IC×V W/C,u = IW/V,v of
inertia groups. Thus pi1(C(u) ×C C, y
′)→ IW/V,v = Ix is surjective.
3.4 General case
We now prove Proposition 3.3 for the case whereX is general andG ≃ Z/peZ
for some prime number p and some integer e ≥ 0:
Lemma 3.7. Let X be a regular scheme separated of finite type over S. Let
F and F ′ be constructible complexes of Λ-modules and Λ′-modules respec-
tively on X and W → X a Z/peZ-torsor trivializing F and F ′. Assume that
F and F ′ have universally the same conductors over S and that X has a
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regular compactification over S. Then F and F ′ have the same virtual wild
ramification over S.
Proof. Let X be a regular compactification of X over S. It suffices to
show that for every geometric point x over a closed point of X and every
pro-px element σ ∈ pi1(X(x¯) ×X X, y), we have Γ
σ([Fy]) = Γ
σ([F ′y]). By
Lemma 3.5, we can find an S-curve C, an S-morphism g : C → X, and a
geometric point v of C over x such that the composite pi1(C(v) ×C C, y
′)→
pi1(X(x) ×X X, y) → Ix is surjective. By Lemma 3.4, g
∗F and g∗F ′ have
the same virtual wild ramification along C \ C. Therefore the assertion
follows.
We will need to consider the existence of a compactification to prove
Proposition 3.3.
Lemma 3.8. Let X be a normal S-scheme separated of finite type and
V → X be a finite e´tale morphism. Then, for any normal compactification
V of V over S, there exists a normal compactification X of X over S such
that the normalization of X in V dominates V .
Proof. The proof is the same as the latter half of the proof of [V, Proposition
2.1.1 (ii)]. For the reader’s convenience, we include the proof. Take an arbi-
trary compactification Y of X and a compactification W of V dominating V
with a morphism W → Y extending V → X. By [GR, I.5.2.2], we can find
a blow-up Y ′ → Y along a closed subscheme contained in Y \X such that
W ′ → Y ′ is flat, where W ′ → W is the blow-up induced by Y ′ → Y . Then,
W ′ → Y ′ is finite, and hence it suffices to take X to be the normalization of
Y ′.
Lemma 3.9. Let X be a normal S-scheme separated of finite type, G a finite
group, F and F ′ smooth complexes of Λ-modules and Λ′-modules respectively
on X, and W → X a G-torsor trivializing F and F ′. Consider subgroups
H1, . . . ,Hk of G such that any element σ ∈ G of prime-power order belongs
to Hi for some i = 1, . . . , k. Set Vi = W/Hi and assume F|Vi and F
′|Vi
have the same virtual wild ramification over S. Then F and F ′ have the
same virtual wild ramification over S.
Proof. For each i, we take a normal compactification Vi of Vi over S such
that F|Vi and F
′|Vi have the same virtual wild ramification along Vi \ Vi.
By Lemma 3.8, we can take a normal compactification X of X over S such
that the normalization V ′i of X in Vi dominates Vi for every i. We claim
that F and F ′ have the same virtual wild ramification along X \X.
Let x be a geometric point of X and σ be a pro-px element of pi1(X(x)×X
X, y), where y is a geometric point. Fix a geometric point w of the normal-
ization of X in W lying above x and take i such that the image σ¯ of σ in
G belongs to Hi. Then σ¯ belongs to the inertia group Iv ⊂ Hi at the image
12
v → V ′i of w and hence comes from a pro-pv element σ
′ of pi1(V ′i (v)×V ′i
Vi, y
′).
Since Γσ([Fy]) = Γ
σ′([Fy′ ]) and the same for F
′, the assertion follows.
Proof of Proposition 3.3. Take all maximal cyclic subgroups H1, . . . ,Hk of
prime-power order of G. By the assumption, we can apply Lemma 3.7 to
F|W/Hi and F
′|W/Hi and thus F|W/Hi and F
′|W/Hi have the same virtual
wild ramification over S. Then, by Lemma 3.9, F and F ′ have the same
virtual wild ramification over S.
Proof of Theorem 3.2. By virtue of Proposition 3.1, it suffices to show that
having universally the same conductors implies having the same virtual wild
ramification for F and F ′. By devissage, we may assume X is regular and
F and F ′ are smooth.
Since every regular S-surface has a regular compactification over S [L],
the assertion follows from Proposition 3.3.
4 The Euler-Poincare´ characteristic
We prove Theorem 0.2. The following proposition is a consequence of the
result of Deligne-Illusie.
Proposition 4.1 (cf. Proposition 0.2 in [SY]). Let k be a perfect field
and k¯ an algebraic closure of k. Let X be a scheme separated of finite
type over k and F and F ′ constructible complexes of Λ-modules and Λ′-
modules respectively on X. Assume that F and F ′ have the same virtual
wild ramification (over k). Then, we have χc(Xk¯,F) = χc(Xk¯,F
′).
Proposition 4.2. Let X be a normal connected scheme separated of finite
type over an algebraically closed field, F be a smooth complex of Λ-module
on X, and W → X a G-torsor, for a finite group G, trivializing F . We
denote the virtual representation of G corresponding to F by M .
(i) [I, Lemme 2.3 and Remarque 2.4] We have
χc(X,F) =
1
|G|
∑
σ∈G
Tr(σ,H∗c (W,Ql)) · Tr
Br(σ,M),
where l is the characteristic of Λ and for σ ∈ G of order divided by l
we put TrBr(σ,−) = 0.
(ii) [DL, 3.3] Tr(σ,H∗c (W,Ql)) is an integer independent of l 6= p.
(iii) Let X be a normal compactification of X and W a normalization of
X in W . For an element σ ∈ G, if Tr(σ,H∗c (W,Ql)) 6= 0 then σ is of
order a power of p and fixes some point of W .
Proof. For (iii), see the beginning of the proof of [I, Lemme 2.5].
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Proof of Proposition 4.1. The way of the proof is the same as that of [SY,
Proposition 0.2]. We may assume k is algebraically closed. By taking a
decomposition X =
∐
iXi as in Definition 2.2 (ii), we may assume that X
is normal and connected and that F and F ′ are smooth complexes. Then
by Proposition 4.2 (i)(iii), we have
χc(X,F) =
1
|G|
∑
σ∈S
Tr(σ,H∗c (W,Ql)) · Tr
Br(σ,M),
where S = {σ ∈ G | σ is of p-power order and fixes some point of W}.
Since χc(X,F) is an integer, by Lemma 1.1,
χc(X,F) =
1
|G|
∑
σ∈S
Tr(σ,H∗c (W,Ql)) ·
p · Γσ(M)− Γσ
p
(M)
p− 1
.
Hence the assertion follows from Proposition 4.2 (ii).
We use the following lemma to reduce Theorem 0.2 to the surface case.
Lemma 4.3. Let f : X → Y be a morphism of schemes separated of finite
type over an algebraically closed field and F and F ′ constructible complexes
of Λ-modules and Λ′-modules respectively on X. Assume that for every
smooth curve C and every morphism g : C → Y , we have χc(X×Y C, g
′∗F) =
χc(X ×Y C, g
′∗F ′), where g′ is the morphism X ×Y C → X. Then, Rf!F
and Rf!F
′ have universally the same conductors.
Proof. By the assumption and the proper base change theorem, for ev-
ery smooth curve C over k and every morphism g : C → Y , we have
χc(C, g
∗Rf!F) = χc(C, g
∗Rf!F
′). Hence we may assume that f = id. Then
the assertion follows from the proof of [SY, Lemma 3.3].
Proof of Theorem 0.2. We may assume k is algebraically closed. We prove
the assertion by induction on dimX. First we assume dimX ≤ 2. Then
by Theorem 3.2, having universally the same conductors implies having the
same virtual wild ramification. Hence the assertion follows Proposition 4.1.
Assume dimX > 2. By the induction hypothesis, it suffices to show
the assertion after replacing X by a dense open subscheme. We can find a
flat morphism f : X → Y to a surface Y over k by shrinking X if neces-
sary (for example, take an e´tale morphism X → Ad, by shrinking X, and
compose with some projection Ad → A2). By the assumption, for each
smooth curve C and each morphism g : C → Y , the pullbacks g′∗F and
g′∗F ′ by the canonical morphism g′ : X ×Y C → X have universally the
same conductors. Here dimX ×Y C < dimX by the flatness of f and
we can apply the induction hypothesis to g′∗F and g′∗F ′. Hence we have
χc(X×Y C, g
′∗F) = χc(X×Y C, g
′∗F ′). Therefore by Lemma 4.3, Rf!F and
Rf!F have the universally the same conductors. By the dimX = 2 case, we
have χc(X,F) = χc(X,F
′) and the assertion follows.
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Definition 4.4 (Definition 3.1 in [SY]). Let X be a separated scheme of
finite type over a perfect field k. For constructible complexes F and F ′ of Λ-
modules and Λ′-modules respectively onX, we say F and F ′ have universally
the same Euler-Poincare´ characteristics if for any scheme Z separated of
finite type over k and any morphism g : Z → X, we have χc(Zk¯, g
∗F) =
χc(Zk¯, g
∗F ′).
Corollary 4.5. Let X be a separated scheme of finite type over a perfect
field k and F and F ′ constructible complexes of Λ-modules and Λ′-modules
respectively on X. Consider the following three conditions.
(i) F and F ′ have the same virtual wild ramification.
(ii) F and F ′ have universally the same conductors.
(iii) F and F ′ have universally the same Euler-Poincare´ characteristics.
Then, the implications (i)⇒(ii)⇔(iii) hold. Moreover, if dimX ≤ 2, then
these three conditions are equivalent.
Proof. (i)⇒(ii): This is nothing but Proposition 3.1.
(ii)⇒(iii): Since the property having universally the same conductors is
preserved by pullbacks, this follows from Theorem 0.2.
(iii)⇒(ii): This is a special case of Lemma 4.3 (Take f = id).
Finally, if dimX ≤ 2, then the implication (ii)⇒(i) is nothing but The-
orem 3.2.
Corollary 4.6. Let f : X → Y be a morphism of schemes separated of
finite type over k and F and F ′ constructible complexes of Λ-modules and
Λ′-modules respectively on X. Then,
(i) [SY, Lemma 3.3.2] If F and F ′ have universally the same Euler-
Poincare´ characteristics then so do Rf!F and Rf!F
′.
(ii) If F and F ′ have universally the same conductors then so do Rf!F
and Rf!F
′.
(iii) Assume dimY ≤ 2. Then, if F and F ′ have the same virtual wild
ramification then so do Rf!F and Rf!F
′.
Proof. (ii) This follows from (i) and Corollary 4.5 (ii)⇔(iii).
(iii) By (i)⇒(iii) of Corollary 4.5, F and F ′ have universally the same
Euler-Poincare´ characteristics. Then by (i), Rf!F and Rf!F
′ have
universally the same Euler-Poincare´ characteristics and the assertion
follows from (iii)⇒(i) of Corollary 4.5 (ii).
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Here we mention that wild ramification of the restrictions to all curves
also determines the characteristic cycle. In [S, Definition 4.10], for a con-
structible complex F on a smooth scheme X over a perfect field, the char-
acteristic cycle CCF is defined as a cycle on the cotangent bundle T ∗X.
Corollary 4.7. Let X be a smooth scheme over a perfect field and F and
F ′ be constructible complexes of Λ-modules and Λ′-modules respectively on
X. Assume that F and F ′ have universally the same conductors. Then,
CCF = CCF ′.
Proof. By [SY, Proposition 3.4], it suffices to prove that F and F ′ have
universally the same Euler-Poincare´ characteristics. Hence the assertion
follows from Corollary 4.5 (ii)⇒(iii).
5 The Swan conductors of cohomology groups
Let S be an excellent trait with perfect residue field of characteristic p > 0
and generic point η = SpecK. For a scheme X separated of finite type
over K and a constructible complex F of Λ-modules on X, we denote by
Sw(X,F) the alternating sum
∑
(−1)i SwH ic(XK¯ ,F).
The following proposition is a consequence of the result of Vidal (i.e,
Proposition 5.2):
Proposition 5.1. Let X be a separated scheme of finite type over K and
F and F ′ constructible complexes of Λ-modules and Λ′-modules respectively
on X. If F and F ′ have the same virtual wild ramification over S then we
have Sw(X,F) = Sw(X,F ′).
Proposition 5.2. Assume S is strictly local. Let X be a normal separated
scheme of finite type over η = SpecK. We denote the structure morphism
by f . Let F be a smooth complex of Λ-modules on X and W → X a G-
torsor, for a finite group G, trivializing F . We denote by M the virtual
representation of G corresponding to F and take a finite Galois extension
K ′ of K with Galois group I trivializing the smooth complex Rf!F . We put
H = G×I. Then H acts on H∗c (Wη¯,Ql) in a natural way and the followings
hold, where η¯ is a geometric point over η and l the characteristic of the finite
field Λ.
(i) [V, Corollary 6.4] For σ ∈ I, we have
Tr(σ,H∗c (Xη¯ ,F)) =
1
|G|
∑
g∈G
Tr((g, σ),H∗c (Wη¯,Ql)) · Tr
Br(g,M).
(ii) [V, Proposition 4.2] For h ∈ H, the trace Tr(h,H∗c (Wη¯,Ql)) is inde-
pendent of l 6= p.
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(iii) [V, Corollary 6.5] Let X be a normal compactification of X over S
and W the normalization of W in X. Then for h = (g, σ) ∈ H, if
Tr(h,H∗c (Wη¯,Ql)) 6= 0, then h is of order a power of p and the induced
map g : W → W fixes some closed point of the closed fiber of W .
Proof of Proposition 5.1. We have
Sw(X,F) =
1
|I|
∑
σ∈I
swI(σ) · Tr
Br(σ, (Rf!F)η¯).
By Proposition 5.2 (i), we have
Sw(X,F) =
1
|H|
∑
h=(g,σ)∈H
swI(σ) · Tr(h,H
∗
c (Wη¯,Ql)) · Tr
Br(g,M).
Since Sw(X,F) is an integer, by Lemma 1.1,
Sw(X,F) =
1
|H|
∑
h=(g,σ)∈H
of p-power order
swI(σ)·Tr(h,H
∗
c (Wη¯,Ql))·
p · Γg(M)− Γg
p
(M)
p− 1
.
Then, the assertion follows from Proposition 5.2 (ii) and (iii).
Now we prove the following lemma, which is needed to reduce Theorem
0.3 to the curve case (i.e. the S-surface case).
Lemma 5.3. Let f : X → Y be a morphism of separated schemes of finite
type over K and F and F ′ constructible complexes of Λ-modules and Λ′-
modules respectively on X. Assume that F and F ′ have universally the same
conductors over S and that for any regular S-curve ξ and any morphism
g : ξ → Y , we have Sw(X ×Y ξ,F) = Sw(X ×Y ξ,F
′). Then, Rf!F and
Rf!F
′ have universally the same conductors over S.
Lemma 5.4. Let Z be a separated scheme of finite type over K and F
and F ′ constructible complexes of Λ-modules and Λ′-modules respectively on
Z. If F and F ′ have universally the same conductors over S, then they
have universally the same conductors over η¯, where η¯ is the spectrum of an
algebraic closure of K.
Proof. By Proposition 3.1, it suffices to show that for every smooth curve
C over η¯ and every morphism g : C → Z ×η η¯ over η¯, g
∗p∗F and g∗p∗F ′
have the same virtual wild ramification over η¯, where p is the projection
Z ×η η¯ → Z.
Take a smooth curve C and a morphism g : C → Z ×η η¯ over η¯. We can
find a finite extension η′ of η, a smooth curve C ′ over η′, and a morphism
g′ : C ′ → Z ×η η
′ over η′ such that g′ induces g by base extension. Then by
the assumption, g′∗p′∗F and g′∗p′∗F ′ have universally the same conductors
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over S′, where p′ is the projection Z ×η η
′. Since C ′ is an S-surface, we can
apply Theorem 3.2. Thus g′∗p′∗F and g′∗p′∗F ′ have the same virtual wild
ramification over S′. Then the assertion follows from Lemma 2.4.
Proof of Lemma 5.3. We may assume S is strictly local. By Lemma 2.6, it
suffices to show
(i) For every geometric point y of Y , we have rkRf!Fy = rkRf!F
′
y.
(ii) For every finite extension ξ of η and every morphism ξ → Y over η,
we have SwRf!F|ξ = SwRf!F
′|ξ.
To show (i), we may assume y is the spectrum of an algebraically closed
field. Then the assertion follows from Lemma 5.4 and Theorem 0.2.
By Lemma 1.4, we have Sw(X ×Y ξ,F) = Sw(Rf!F|ξ) + rk(Rf!F|ξ) ·
(d + n − 1) and the same equality for F ′. Hence the assertion follows from
(i) and the assumption.
Proof of Theorem 0.3. We may assume S is strictly local. We prove the
assertion by induction on dimX. If dimX ≤ 1, by Theorem 3.2, F and F ′
have the same virtual wild ramification over S. Then the assertion follows
from Proposition 3.1. Assume dimX ≥ 2. By the induction hypothesis, it
suffices to prove the assertion after replacing X by a dense open subscheme.
Then, we can take a flat morphism f : X → Y to a curve Y over K by
shrinking X if necessary. Then for every finite extension ξ of η and every
morphism ξ → Y , we have Sw(X ×Y ξ,F) = Sw(X ×Y ξ,F
′). In fact, since
we have dimX ×Y ξ < dimX, we can apply the induction hypothesis to
g∗F and g∗F ′, where g is the canonical morphism X ×Y ξ → X. Then,
by Lemma 5.3, Rf!F and Rf!F
′ have universally the same conductors over
S. By the dimX = 1 case, we get Sw(Y,Rf!F) = Sw(Y,Rf!F
′) and the
assertion follows.
Definition 5.5. Let X be a separated scheme of finite type over K. For
constructible complexes F and F ′ of Λ-modules and Λ′-modules respectively
on X, we say F and F ′ have universally the same global conductors over S if
for any scheme Z separated of finite type over K and any morphism g : Z →
X, we have χc(ZK¯ , g
∗F) = χc(ZK¯ , g
∗F ′) and Sw(Z, g∗F) = Sw(Z, g∗F ′).
Corollary 5.6. Let X be a separated scheme of finite type over K and F
and F ′ constructible complexes of Λ-modules and Λ′-modules respectively on
X. Consider the following three conditions.
(i) F and F ′ have the same virtual wild ramification over S.
(ii) F and F ′ have universally the same conductors over S.
(iii) F and F ′ have universally the same global conductors over S.
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Then, the implications (i)⇒(ii)⇔(iii) hold. Moreover, if dimX ≤ 1, then
these three conditions are equivalent.
Proof. (i)⇒(ii): This is nothing but Proposition 3.1.
(ii)⇒(iii): Since the property having universally the same conductors is
preserved by pullbacks, this follows from Theorem 0.3.
(iii)⇒(ii): We may assume X is connected and finite over η = SpecK
and it suffices to show rkF = rkF ′ and Sw(F) = Sw(F ′). The first equality
follows from the equality rk f∗F = [X : η] ·rkF . The second equality follows
from Lemma 1.4.
Finally when dimX ≤ 1, then the implication (ii)⇒(i) is nothing but
Theorem 3.2.
Corollary 5.7. Let f : X → Y be a morphism between schemes separated
of finite type over K and F and F ′ constructible complexes of Λ-modules
and Λ′-modules respectively on X. Then,
(i) If F and F ′ have universally the same global conductors over S, then
so do Rf!F and Rf!F
′.
(ii) If F and F ′ have universally the same conductors over S, then so do
Rf!F and Rf!F
′.
(iii) Assume dimY ≤ 1. Then, if F and F ′ have the same virtual wild
ramification over S, then so do Rf!F and Rf!F
′.
Proof. (i) For a scheme Z separated of finite type over K and a morphism
g : Z → Y , by the proper base change theorem, χc(ZK¯ , g
∗Rf!F) =
χc((Z ×Y X)K¯ , g
′∗F) and Sw(Z, g∗Rf!F) = Sw(Z ×Y X, g
′∗F), where
g′ is the canonical morphism Z ×Y X → X.
(ii) This follows from (i) and Corollary 5.6 (ii)⇔(iii).
(iii) By (i)⇒(iii) of Corollary 5.6, F and F ′ have universally the same global
conductors over S. Then by (i), Rf!F and Rf!F
′ have universally the
same global conductors over S and the assertion follows from (iii)⇒(i)
of Corollary 5.6.
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